ABSTRACT. In this paper we introduce generalized or vector-valued OrliczLorentz sequence spaces l p,q,M (X) on Banach space X with the help of an Orlicz function M and for different positive indices p and q. We study their structural properties and investigate cross and topological duals of these spaces. Moreover these spaces are generalizations of vector-valued Orlicz sequence spaces l M (X) for p = q and also Lorentz sequence spaces for M(x) = x q for q ≥ 1. Lastly we prove that the operator ideals defined with the help of scalar valued sequence spaces l p,q,M and additive s-numbers are quasi-Banach operator ideals for p < q and Banach operator ideals for p ≥ q. The results of this paper are more general than the work of earlier mathematicians, say A. Pietsch, M. Kato, L. R. Acharya, etc.
Introduction
The study of vector-valued sequence spaces(VVSS) which is a generalization of scalar-valued sequence spaces (SVSS) was motivated by the work of A. Grothendieck in his study on nuclear spaces, cf. [5] . Since then this theory has developed considerably in different directions, cf. [5] , [11] , [14] etc. and references given therein. The present work is an endeavor in this direction; indeed we introduce the vector-valued Orlicz-Lorentz sequence spaces which include as particular cases the vector-valued Orlicz sequence spaces as well as Lorentz sequence spaces. We find their Köthe and topological duals and study the interrelationships amongst these spaces. Finally, we introduce the operator ideals with the help of the corresponding scalar sequence spaces and s-numbers. The results of this paper generalize the work of A. Pietsch [19] , M. Kato [10] , L. R. Acharya [1] . for 0 < α < 1; cf. [9] .
Preliminaries
An Orlicz function M is said to satisfy the ∆ 2 -condition for small x or at 0, if for each k > 1, there exists R k > 0 and x k > 0 such that
Let X and Y be vector spaces over the same field K of real or complex numbers, forming a dual system X, Y with respect to the bilinear functional x, y . We denote by Ω(X) the vector space of all sequences formed by the elements of X, with respect to the operations of pointwise addition and scalar multiplication; and by φ(X), the space of all finitely non zero sequences from Ω(X). A vector-valued sequence space or a generalized sequence space Λ(X) is a subspace of Ω(X) containing φ(X). The symbol δ x i stands for the sequence {0, 0, . . . , 0, x, 0, 0, . . . }, where x is placed at the ith coordinate.The notation x (n) denotes the nth section of x given by {x 1 , x 2 , . . . , x n , 0, 0, . . . }.
GENERALIZED O-L SEQUENCE SPACES AND CORRESPONDING OPERATOR IDEALS
The generalized Köthe dual of Λ × (Y ) is denoted by Λ ×× (X). The space Λ(X) is said to be perfect if Λ(X) = Λ ×× (X). A vector-valued sequence space Λ(X) equipped with a Hausdorff locally convex topology T is called (i) a GK-space if the maps P n,Λ(X) : Λ(X) → X, P n,Λ(X) (x) = x n , for each n ≥ 1, are continuous;
(ii) a GAK-space if Λ(X) is a GK-space and for each {x i } ∈ Λ(X),
Every perfect sequence space Λ(X) is normal; cf. [14] . Let us mention here that if the dual system is X, X * where X is a Banach space and X * is its topological dual, then we may interchangeably use the notations x, f or f (x) for x ∈ X and f ∈ X * in the sequel.
In case X = K, the field of scalars, we write ω for Ω(X), φ for φ(X) and λ for Λ(X). If e n 's are the nth unit vectors in ω, i.e. e n = {δ nj } ∞ j=1 , where δ nj is the Kronecker delta, φ is clearly the subspace of ω spanned by e n 's, n ≥ 1. A sequence space λ is said to be symmetric if α σ = {α σ(i) } ∈ λ whenever α ∈ λ and σ ∈ Π, where Π is the collection of all permutations of N. The Köthe dual λ × of a symmetric sequence space λ is symmetric; cf. [9: p. 91].
For scalar valued sequence space λ, its δ-dual is defined as
λ × coincides with λ δ , if λ is symmetric. cf. [9: p. 52]. For a scalar-valued sequence space λ and a Banach space X we define
In case, λ equipped with the norm · λ , is a Banach space, it turns out that λ(X) is also a Banach space with respect to the norm given by
cf. [1] , [11] . As particular cases, we have l ∞ (X) for λ = l ∞ and c 0 (X) corresponding to λ = c 0 .
Corresponding to an Orlicz function M and the Banach space X, the set
If M and N are mutually complementary functions, the vector-valued Orlicz sequence space is defined as
An equivalent way of defining
Two equivalent norms on l M are given by
cf. [24] . For X = K, we write l M (X) as l M . If M and N are mutually complementary Orlicz functions and M satisfies ∆ 2 -condition at 0, then (l M ) × = l N , cf. [9] .
A sequence M = {M n } of Orlicz functions known as Musielak-Orlicz function has been studied in cf. [3] , [13] . Let p n be the kernel of
Corresponding to a convex modular M , we have modular space defined in the literature as
This space becomes a normed space under the Luxemburg norm
Let us note that a modular sequence space λ M is a symmetric sequence space.
The decreasing rearrangement of the absolute values of a sequence α = {α n } in l ∞ (space of all bounded sequences), is given by {t n (α)}, where
Here card A denotes the cardinality of the set A. The sequence {t n (α)} satisfies the following properties, cf. [19] .
Here α β = {α n β n }.
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For x = {x n } ∈ l ∞ (X), we denote by
n∈ N.
For 0 < p, q ≤ ∞, the Lorentz sequence space l p,q is given by
For α ∈ l p,q , let us consider the real-valued function · p,q as follows
For a convex modular M defined on ω, it has been proved in [3] , that
for α ∈ ω if and only if M satisfies L1 condition. In view of (2.1) (l p,q , · p,q ) is Banach spaces for p ≥ q. However for p < q, it is a quasi-Banach space. Further, they are symmetric sequence spaces, cf. [17] .
Throughout this paper, we denote by X and Y , the Banach spaces over the complex field C and by L(X, Y ), the class of all bounded linear maps from X to Y . Let L be the class of all bounded linear operators between any pair of Banach spaces.
A map s : L → ω + , where ω + is the class of sequences of non-negative real numbers, is called an s-number function if it satisfies the following conditions:
and n ∈ N,
An s-number function is called additive if the condition (ii) is replaced by
where X and Y are Banach spaces. The collection A is said to be an operator ideal if it satisfies the following conditions:
The collection A(X, Y ), for a given pair of Banach spaces E and F , is called a component of A.
An ideal quasi norm is a real valued function f defined on an operator ideal A, which satisfies the following properties:
A quasi-normed operator ideal is an operator ideal equipped with an ideal quasi-norm and a quasi-Banach operator ideal is a quasi-normed operator ideal of which each component is complete with respect to the ideal quasi-norm.
The vector-valued sequence spaces l p,q,M (X) and h p,q,M (X)
Corresponding to a Banach space X, an Orlicz function M and 0 < p, q ≤ ∞, let us introduce
We prove the following theorem: 
P r o o f. One can easily check that l p,q,M (X) is a vector space with usual coordinate wise addition and scalar multiplication.
For showing that · p,q,M is a quasi-norm, let us note that x p,q,M ≥ 0 for each x ∈ l p,q,M (X) and x p,q,M = 0 for x = 0. Now, if x p,q,M = 0 for some x = {x n } ∈ l p,q,M (X), then for any given ε > 0, we can find ρ > 0 such that ρ < ε and
, then x n 0 = 0 for some n 0 ∈ N and so t n 1 (x) = x n 0 , for some
for any ε > 0. This leads to a contradiction and hence x = 0. For proving triangular-type inequality, consider x = {x n } and y = {y n } in l p,q,M (X). Then for any given ε > 0, there exist ρ 1 , ρ 2 > 0, such that
Hence,
In order to show the completeness of the space (
k ∈ N is a bounded set for j ∈ N and for all n ≥ n 0 . Thus {x k n } is a Cauchy sequence in X, for each k ∈ N and so converges to z k , say. Let 
are quasi-Banach or Banach spaces according as {β n } is increasing or decreasing respectively.
GENERALIZED O-L SEQUENCE SPACES AND CORRESPONDING OPERATOR IDEALS Ì ÓÖ Ñ 3.2º h p,q,M (X) is a closed subspace of l p,q,M (X). If M satisfies
P r o o f. Clearly, h p,q,M (X) is a subspace of l p,q,M (X). For proving that it is closed in l p,q,M (X), consider x = {x n } ∈h p,q,M (X), the closure of h p,q,M (X) in l p,q,M (X). Then there exists a sequence {y n } = {{y
Choose any δ > 0. Then for δ 1 = min{2
Then for
. Thus x ∈ h p,q,M (X) and so the subspace h p,q,M (X) is closed. Let us now assume that M satisfies ∆ 2 -condition at 0. Consider x ∈ l p,q,M (X).
So, assume η < ρ 0 and write K = ρ 0 η . Then by ∆ 2 -condition of M , we can find 
Then for any given ε > 0, we can find n 0 ∈ N, such that
For given n ∈ N, let
Since x ∈ c 0 (X), I n is finite and so v n ∈ φ(X). Write k n = card I n . Then choose m 0 ∈ N, such that,
Choose n so large that 1 n
=⇒ x − v n p,q,M ≤ ε for sufficiently large n. Thus Y is a GAD-space. This completes the proof.
Noting that for 0 < p ≤ q ≤ ∞, l p,q,M (X) ⊆ c 0 (X), we derive from the above proposition, the following 
For proving the equality with the given condition, if
as l M is symmetric and normal and so {n
This immediately leads to the following proposition:
ÈÖÓÔÓ× Ø ÓÒ 
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As 
where convergence of the series is being guaranted by Proposition4.3. For n ∈ N, let 
Clearly |β i | = 1 for all i ∈ N, and so
Hence
In order to show that F has the form as given in (4.1), consider for
where β i are chosen as above. Hence As s k (T n − T ) ≤ T n − T , for all k ≥ 1, we have s k (T n − T ) → 0 as n → ∞. Also
Hence, from (6.1), M n
